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Abstract
For the semi-linear (higher order) wave equation and the nonlinear (higher order) Schrödinger
equation, we show that the scattering operators map a band in Hs into Hs if the nonlinearities have
(sub-)critical powers in Hs . The smoothness of the scattering operators and the uniform boundedness
of strong solutions for the defocusing NLS equation are also shown provided that the nonlinearities
have subcritical growth in H 1. Moreover, the spatial decaying behavior of solutions in energy space
for the defocusing NLS equation are obtained.
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1. Introduction
The present paper is devoted to the study of the existence of scattering operators for the
following equations:
utt + m2u+ (−∆)ku = F(u), k = 1,2, (1.1)
utt + (−∆)ku = F(u), k ∈ N, (1.2)
iut + (−∆)ku = F(u), k ∈N, (1.3)
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B. Wang / J. Math. Anal. Appl. 296 (2004) 74–96 75where u(t, x) is a complex valued function of (t, x) ∈ R × Rn, m2 > 0, ∆ denotes the
Laplace operator on Rn, F(u) = ∑Dαfα(u), fα(u) is a scalar nonlinear function. For
k = 1, (1.1) is the well-known nonlinear Klein–Gordon (NLKG) equation and for k = 2,
(1.1) may be thought as the nonlinear beam (NLB) equation (cf. [16]). If k = 1, (1.2)
and (1.3) are the semilinear wave (NLW) equation and the nonlinear Schrödinger (NLS)
equation, respectively. When k  2, (1.2) and (1.3) are the higher order versions of the
NLS and NLW equations, respectively.
A large amount of work has been devoted to the study of the nonlinear scattering theory
for a class of wave equations (see [1,3–11,13,14,16–29,31,32,35]). For brevity, we assume
that F(u) = −|u|pu. For the NLS and NLKG equations, p < 4/(n − 2) (p < ∞ for n =
1,2) is said to be a subcritical power in H 1; and p = 4/(n − 2) is said to be a critical
power in H 1. If F(u) = −|u|pu, the energy is well defined and conserved, and so, we are
interested in getting the existence of the scattering operators in the whole energy space.
If the nonlinearity has subcritical growth in H 1, the nonlinear scattering theory at low
energy for the NLS and NLKG equations was studied by Strauss in [27,28]; then Brenner
[5,6], Ginibre and Velo [9,10] were able to show the existence of scattering operators in the
whole energy space in spatial dimensions n  3; Nakanishi [21] recently developed their
results to one and two spatial dimensions. If the nonlinearity has the critical power in H 1,
Bourgain [3] obtained the existence of radial scattering solutions in the energy space in
the cases n = 3,4. For the critical NLW and NLKG equations, the existence of scattering
operators in the whole energy space was shown by Bahouri and Shatah [1] and Nakanishi
[22,23].
Another approach for the nonlinear scattering theory is to consider the case that there is
no conservation of energy, say F(u) = |u|p+1, or the nonlinearity plays a “bad” role to the
energy, for example, F(u) = |u|pu. In general we should assume that the scattering data
are suitably small in corresponding spaces. Recall that Pecher [24,25] obtained the small
data scattering of solutions for the critical and subcritical NLKG and NLW equations in H 1
(i.e., p  4/(n − 2)), Lindblad and Sogge [17], Kapitanskii [14] considered the existence
and scattering of solutions of the NLW equation with small data at lower regularity. Recall
that for the NLS and NLKG equations, if F(u) = ±|u|pu, 0 s < n/2, then we say that
p = 4/(n − 2s) (p < 4/(n − 2s)) is a critical (subcritical) power in Hs . On the basis of
the critical theory in Hs developed by Cazenave and Weissler [7], Wang [31] considered
the critical and subcritical NLKG equations in Hs and proved the existence of scattering
operators for small data in the case p > 4/(n − 2), i.e., p is super-critical in H 1, but
critical or subcritical in Hs . Levandosky [16] studied the decay estimates for the linear
beam equation and as applications, he showed the small data scattering of solutions for the
NLB equation in H 2 if F(u) is subcritical in H 2.
Recently, the regularity of scattering operators was also studied by many authors. For
the radial and critical defocusing NLS equation in three and four spatial dimensions, Bour-
gain [3] showed that the scattering operator S :Hs → Hs for any s  0. In two spatial
dimensions, Colliander et al. [8] showed the infinite regularity of scattering solutions for
the NLS equation. Wang [32] obtained the smoothness of scattering solutions in Hs for the
NLKG equation.
If the nonlinearity is the sum of different powers, or an exponential function, the scat-
tering operators were also studied by Nakamura and Ozawa [19,20] and Wang [32].
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the above equations. This paper is organized as follows. In Section 2 we shall obtain a new
nonlinear mapping estimates in Besov spaces, which can be applied to various nonlinear
terms involved in (1.1)–(1.3). In Sections 3–6 we will discuss the existence of scattering
operators with data in a band of Hs for Eqs. (1.1)–(1.3). In Section 7 we consider the
regularity of scattering solutions for the NLS equation. On the basis of the regularity results
in Section 7, we shall derive a spatial decaying estimate of solutions of the NLS equation
in Section 8.
For the sake of convenience, we denote by {s} the minimal integer which is larger than
or equals to s and by [s] the maximal integer which is less than or equals to s. For any
1 r ∞, we denote by r ′ the duality number of r , i.e., 1/r + 1/r ′ = 1. C will stand for
a positive constant that can be different at different places. We shall use a variety of Banach
function spaces, such as Lebesgue spaces Lr = Lr(Rn), Bessel potential spaces Hs,r =
Hs,r(Rn) = (I − ∆)−s/2Lr(Rn), Hs = Hs,2, Riesz potential spaces H˙ s,r = H˙ s,r(Rn) =
(−∆)−s/2Lr(Rn), H˙ s = H˙ s,2. Some basic properties for these spaces can be found in
[2,30]. In the sequel we will write ‖ · ‖r := ‖ · ‖Lr . An equivalent norm on homogeneous
Besov spaces B˙sr,2 is that (cf. [2])
‖u‖B˙sr,2 =
( ∞∫
0
t−2(s−[s]) sup
|h|t
∑
|α|=[s]
‖∆hDαu‖2Lr
dt
t
)1/2
,
where ∆hu = u(· + h)− u(·) := uh − u, s > 0, 1 < r < ∞.
Definition 1.1. Let −∞ < s1  s2 < ∞, δ > 0. Then
B
s1,s2
δ =
{
u ∈ Hs2: ‖u‖Hs1  δ
}
is said to be a band in Hs2 .
If s1 = s2, one sees that Bs1,s2δ is a whole neighborhood of 0 in Hs . If s1 < s2, the norm
of u ∈ Hs2 can be arbitrarily large whatever small be ‖u‖Hs1 . Moreover, if s1  n/2, the
L∞ norm of u ∈ Hs2 is also out of the control of the norm of u ∈ Hs1 .
Now we recall the definition of the scattering operators. For simplicity we consider
only nonlinear Schrödinger equation (1.3). For ϕ− ∈ Hs , we look for a unique solution
u ∈ C(0,∞;Hs) of (1.3) satisfying ‖u(t)−exp(it (−∆)k)ϕ−‖Hs → 0 as t → −∞. More-
over, if there exists a unique ϕ+ ∈ Hs verifying ‖u(t) − exp(it (−∆)k)ϕ+‖Hs → 0 as
t → ∞, then we can define a mapping S :ϕ− → ϕ+ and say that the scattering operator S :
Hs → Hs . For the other equations, the definition of scattering operators is similar; cf. [28].
2. Nonlinear estimates in Besov spaces
The nonlinear estimates in Besov spaces rely upon two modified versions of the Hölder
inequality, one is the modified Hölder inequality in fractional Sobolev spaces and another
is the convexity Hölder inequality in Besov spaces, see [9,12,24,32].
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|αi |  si . Let ρi > 0, ai = ρi(1/pi − (si − |αi |)/n) (i = 0,1, . . . ,N + 1). If ai > 0 for
all i = 0,1, . . . ,N + 1 and ∑N+1i=0 ai = 1/p, then we have∥∥∥∥∥
N+1∏
i=0
|Dαi ui |ρi
∥∥∥∥∥
Lp
 C
N+1∏
i=0
‖ui‖ρiH˙ si ,pi .
Convexity Hölder inequality. Let 1 < pi, qi < ∞, 0 θi  1, σi, σ ∈ R (i = 1, . . . ,N).
Suppose that
∑N
i=1 θi = 1, σ =
∑N
i=1 θiσi, 1/p =
∑N
i=1 θi/pi, and 1/q =
∑N
i=1 θi/qi .
Then we have
⋂N
i=1 B˙
σi
pi ,qi ⊂ B˙σp,q and for any v ∈
⋂N
i=1 B˙
σi
pi ,qi ,
‖v‖B˙σpi ,qi 
N∏
i=1
‖v‖θi
B˙
σi
pi ,qi
.
For any 1 r ′ < ∞, |α| 1. By Lemma 2.1 of [31] we have∥∥∆hDαf (u)∥∥Lr′
 C
|α|∑
q=1
∑
Λ
q
α
{∥∥∥∥∥(|uh|p−q + |u|p−q)|uh − u|
q∏
i=1
Dαi u
∥∥∥∥∥
Lr
′
+
q∑
i=1
∥∥∥∥∥(|uh|p+1−q)
i−1∏
j=1
Dαj uh
q∏
j=i+1
Dαj uDαi (uh − u)
∥∥∥∥∥
Lr
′
}
:=
|α|∑
q=1
∑
Λ
q
α
(
‖Iq‖Lr′ +
q∑
i=1
∥∥IIiq∥∥Lr′
)
, (2.1)
where f (u) satisfies that∣∣f (k)(u)∣∣ C|u|p+1−k, k = 0,1, . . . , |α|,
and Λqα = (α1 + · · · + αq = α, |αq | · · · |α1| 1).
Lemma 2.1. Let 2  r < ∞, 0  δ  s0 ∧ s < ∞.1 Assume that f ∈ C{s−δ} satisfies the
following conditions:∣∣f (k)(u)∣∣ C|u|p+1−k, k = 0,1, . . . , {s − δ}, {s − δ} p + 1. (2.2)
Suppose that
p
(
1
r
− s0
n
)
+ 1
r
− δ
n
= 1
r ′
,
1
r
− s0
n
> 0. (2.3)
If s − δ /∈N, then we have
1 a ∧ b = min(a, b).
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B˙s−δ
r′,2
 C‖u‖p
B˙
s0
r,2
‖u‖B˙sr,2 (2.4)
and if s − δ ∈ N, (2.4) also holds true if we replace homogeneous Besov space by homo-
geneous Sobolev spaces.
Proof. When s − δ < 1, the proof is very easy and the details of the proof are omitted. So,
it suffices to consider the case s − δ  1. We may assume, without loss of generality that
s − δ /∈N. We have
∥∥f (u)∥∥
B˙s−δ
r′,2
=
( ∞∫
0
t−2v
∑
|α|=[s−δ]
sup
|h|t
∥∥∆hDαf (u)∥∥2Lr′ dtt
)1/2
, (2.5)
where v = s − δ − [s − δ]. By (2.2) we see that ‖∆hDαf (u)‖Lr′ has the estimate as in the
right-hand side of (2.1).
Step 1. We estimate
Aq :=
( ∞∫
0
t−2v sup
|h|t
‖Iq‖2Lr′
dt
t
)1/2
.
Considering the estimate of ‖Iq‖Lr′ , we let
a0 = (p − q)
(
1
r
− s0
n
)
, a′0 =
1
r
− s0 + β0 − v
n
,
ai = 1
r
− s0 + βi − |αi |
n
, i = 1, . . . , q,
where βi will be chosen as follows.
If s  s0 + 1, then we take β0 = β1 = · · · = βq−1 = 0 and βq = s − s0. In view of
s − δ  1 we see that v = s − δ − [s − δ] s − δ − 1 s0, whence a′0 > 0. Since s − |αq |
 s0, we have aq  1/r − s0/n > 0. Also, one sees that if q  2, then |αi |  s0 for i =
1, . . . , q − 1. Indeed, in the opposite case it would be deduced that |αq | + |αq−1| > s0 + 1
 s, a contradiction. So, we have ai > 0, i = 0,1, . . . , q . Taking notice of a′0 +
∑q
i=0 ai =
1/r ′, from the modified Hölder inequality it follows that
‖Iq‖Lr′ C‖u‖p−1B˙s0r,2 ‖uh − u‖L1/a′0 ‖u‖B˙sr,2 .
Hence,
Aq  C‖u‖p−1
B˙
s0
r,2
‖u‖B˙v1/a′0,2
‖u‖B˙sr,2  C‖u‖
p
B˙
s0
r,2
‖u‖B˙sr,2 . (2.6)
Now, we assume that s > s0 + 1. We will choose appropriate βi (i = 0,1, . . . , q) satis-
fying the following four conditions:
(a) 0 β0  v, 0 βi  |αi |, i = 1, . . . , q ;
(b) s0 + β0  v, s0 + βi  |αi |, i = 1, . . . , q ;
(c) ∑qi=0 βi = s − s0;
(d) s0 + βi  s, i = 0, . . . , q .
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suitable β0, . . . , βq , verifying conditions (a)–(c).
If q = 1, then we let β0 = v, β1 = s − s0 − v. Since δ  s0, we see that β1  [s − δ] and
s0 + β1  [s − δ]. Therefore, conditions (a)–(c) hold true.
It remains to consider the case q  2. We divide the proof into three cases.
First, we consider the case |αq |  s − s0 − v. Let β0 = v, β1 = · · · = βq−1 = 0 and
βq = s − s0 − v. Obviously, conditions (a) and (c) hold true. Also, one easily sees that s0 +
βq  |αq |, s0 +β0  v. If |αq−1| > s0, then |αq |+|αq−1| > s−v  [s−δ], a contradiction.
So, we have s0 + βq−1  |αq−1|, which implies that condition (b) is true.
Next, we observe the case s0  |αq | < s − s0 − v. Put β0 = v, βi = |αi | for i =
1, . . . , q − 1, and βq = |αq | + δ − s0. By a straightforward calculation we can get∑q
i=0 βi = s − s0. In view of δ  s0 and |αq | s0 we see that 0 βq  |αq |, it follows that
condition (a) holds. Taking notice of s0 + βq = |αq | + δ, we easily deduce that condition
(b) also holds.
Thirdly, we discuss the case |αq | (s − s0 − v)∧ s0. In the present case one can easily
verify that
∑q
i=1 |αi | = [s − δ] = s − δ − v  s − s0 − v. Thus, we can take some βi ∈
[0, |αi |] (i = 1, . . . , q) satisfying∑qi=1 βi = s − s0 − v. Let β0 = v. Clearly, conditions (a)
and (c) hold. From |αi | |αq | s0 it follows that condition (b) is also true.
Hence, we have shown that there exist β0, . . . , βq fulfilling conditions (a)–(d). We have
a′0 +
q∑
i=0
ai = p
(
1
r
− s0
n
)
+ 1
r
− s0 + β0 − v +
∑q
i=1(βi − |αi |)
n
= p
(
1
r
− s0
n
)
+ 1
r
− δ
n
= 1
r ′
.
It follows from the modified Hölder inequality that
‖Iq‖Lr′ C‖u‖p−qB˙s0
r,2
‖uh − u‖
L
1/a′0
q∏
i=1
‖u‖
B˙
s0+βi
r,2
. (2.7)
By (2.7) we have
Aq  C‖u‖p−q
B˙
s0
r,2
‖u‖B˙v1/a′0 ,2
q∏
i=1
‖u‖
B˙
s0+βi
r,2
 C‖u‖p−q
B˙
s0
r,2
q∏
i=0
‖u‖
B˙
s0+βi
r,2
. (2.8)
Let θi (i = 0,1, . . . , q) satisfy s0 + βi = θis0 + (1 − θi)s. It is easy to see that 0 θi  1,∑q
i=0 θi = q and
∑q
i=0(1 − θi) = 1. In virtue of the convexity Hölder inequality we have
q∏
i=1
‖u‖
B˙
s0+βi
r,2
 C‖u‖q
B˙
s0
r,2
‖u‖B˙sr,2 . (2.9)
Collecting (2.8) and (2.9) we get the desired estimate of Aq .
Step 2. We estimate
Bq :=
q∑
i=1
Biq :=
q∑
i=1
( ∞∫
t−2v sup
|h|t
∥∥IIiq∥∥2Lr′ dtt
)1/2
.0
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(I) We consider the case s  s0 + 1. If q = 1, the estimate of Bq is trivial. Considering
the estimate of Biq , i = q , q  2, we let
a0 = (p + 1 − q)
(
1
r
− s0
n
)
, aj = 1
r
− s0 − |αj |
n
, j = i, j = 1, . . . , q − 1,
ai = 1
r
− s0 − v − |αi |
n
, aq = 1
r
− s − |αq |
n
.
One sees that s0  v + |αj |. Indeed, in the opposite case it would be deduced that s − δ 
|αq | + |αj | + v > s0 + 1  s, a contradiction. It follows that aj > 0, j = 1, . . . , q − 1,
s  s0 + 1 implies that aq > 0. In view of the modified Hölder inequality, we get the
estimate of ‖IIiq‖Lr′ , which yields the desired estimate of Biq , i = q . Putting
a0 = (p + 1 − q)
(
1
r
− s0
n
)
, aj = 1
r
− s0 − |αj |
n
, j = 1, . . . , q − 1,
aq = 1
r
− s0 − v − |αq |
n
,
we can get the estimate of Bqq .
(II) We investigate the case s > s0 + 1. Let
a0 = (p + 1 − q)
(
1
r
− s0
n
)
, aj = 1
r
− s0 + βj − |αj |
n
, j = 1, . . . , q,
where we can take β1, . . . , βq to be the same as in Step 1. It follows that
(a) 0 βi  |αi |; (b) s0 + βi  |αi |; (c)
q∑
j=1
βj = s − s0 − v.
By the modified Hölder inequality we have
Biq  C‖u‖p+1−qB˙s0r,2
(∏
j =i
‖u‖
B˙
s0+βj
r,2
)
‖u‖
B˙
s0+βi+v
r,2
.
Since s0 + βj + v  s, 1 j  q . We conclude that there exist θi (i = 1, . . . , q) satisfying
s0 + βj = θj s0 + (1 − θj )s, j = i, j = 1, . . . , q,
s0 + βi + v = θis0 + (1 − θi)s.
In view of
∑q
i=1 θi = q−1 and
∑q
i=1(1−θi) = 1, from the convexity Hölder inequality
we get the desired estimate of Biq , i = 1, . . . , q . The proof is finished. 
Remark on Lemma 2.1. (i) If δ = s0 = 0, and s > 0, then (2.4) can be strengthen by the
following inequality:∥∥f (u)∥∥
B˙s
r′,2
 C‖u‖pLr ‖u‖B˙sr,2 (2.4a)
and in addition if s is an integer, (2.4) holds also if we replace B˙sλ,2 by H˙ s,λ. This can be
easily seen from the proof of Lemma 2.1.
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[3,7,8,19,24,31,32]), in particular, Cazenave and Weissler [7] considered the case δ = 0,
s0 = s by using different equivalent norm in Besov spaces; Nakamura and Ozawa [19]
considered the case s0 = s = n/2, δ = 0; and Wang [31,32] considered some special non-
linear estimates for the NLKG equation.
3. Scattering of solutions for the NLB equation
In this section we consider the existence of scattering operators for the semilinear beam
equation
utt + m2u+ ∆2u = F(u). (3.1)
In 1998, Levandosky in [16] studied the decay estimates for the fourth order wave equa-
tion and as an application, he proved the existence of the low energy scattering operators
for Eq. (3.1) with the assumptions F(0) = 0, |F ′(u)|  C|u|p , 0 < p < 2∗∗ − 2, where
2∗∗ = ∞ if n 4 and 2∗∗ = 2n/(n− 4) if n 5.
For Eq. (3.1) with F(u) = λ|u|pu, we say that p = 8/(n − 2s) is an Hs -critical power
(s  0) and p < 8/(n− 2s) is an Hs -subcritical power. Denote
s(p) = n
2
− 4
p
,
2σ(r)
n
= 4
nγ (r)
= 1
2
− 1
r
. (3.2)
One easily sees that every p  8/n is the Hs(p)-critical power. Since p > 2∗∗ − 2 = 8/
(n− 4) if and only if s(p) > 2, it follows that the Hs(p)-norm of solutions of (3.1) is out of
the control of energy spaces as p > 8/(n − 4), n 5. Therefore, it seems to be necessary
to make use of another way dealing with the case p  8/(n − 4), n  5. By resorting
to a generalized Strichartz inequality of mixed time–space estimates in Lebesgue–Besov
spaces, we get the following
Theorem 3.1. Let n  5, 8/(n − 4) p1  p2 < ∞, s(p2) s < ∞. Suppose that F(u)
satisfies one of the following conditions:
(H1) F ∈ C{s−1} and |F (k)(u)|  C(|u|p1+1−k + |u|p2+1−k), k = 0,1, . . . , {s − 1},
{s − 1} p1 + 1;
(H2) F (u) =∑2i=1 λi |u|piu, λi ∈R and p1,p2 are even integers.
Then there exists δ > 0 such that the scattering operator S of Eq. (3.1) maps the band
B
s(p2),s
δ =
{
(u, v) ∈ Hs ×Hs−2: ‖u‖Hs(p2) + ‖v‖Hs(p2)−2  δ
}
into Hs ×Hs−2.
Theorem 3.2. Let F(u) =∑|α|=1 Dαfα(u). Let n 5, 6/(n−4) p1  p2 < ∞, p1  2.
Denote d(·) = n/2−3/· , d(p2) s < ∞. Suppose that fα(u) satisfies one of the following
conditions:
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(H4) fα(u) = λ|u|p1u+ µ|u|p2u, λ,µ ∈R and p1,p2 are even integers.
Then there exists δ > 0 such that the scattering operator S of Eq. (3.1) carries the band
B
d(p2),s
δ =
{
(u, v) ∈ Hs ×Hs−2: ‖u‖Hd(p2) + ‖v‖Hd(p2)−2  δ
}
into Hs ×Hs−2.
Denote B(t) = exp(it (m2 + ∆2)1/2). Recall that Levandosky in [16] showed a basic
Lp–Lp
′
estimate of B(t),∥∥B(t)ϕ∥∥
L2∗∗  C|t|−1‖ϕ‖H 2,(2∗∗)′ , n 5,
and ‖B(t)ϕ‖L2 = ‖ϕ‖L2 . An interpolation yields∥∥B(t)ϕ∥∥
Lr
 C|t|−(n/2)(1/2−1/r)‖ϕ‖Hn(1/2−1/r),r′ , 2 r  2∗∗, n 5.
For convenience, we denote Lq(X) := Lq(R,X). Using the same way as in [11,33,34],
by interpolation we can get
Proposition 3.3. Let n 5. For any r, q ∈ [2,2∗∗), there exists a constant C > 0 such that∥∥B(t)ϕ∥∥
Lγ (r)(B
s−σ(r)
r,2 )
 C‖ϕ‖Hs , (3.3)∥∥∥∥∥
t∫
t0
B(t − τ )f (τ ) dτ
∥∥∥∥∥
Lγ (r)(B
s−σ(r)
r,2 )
C‖f ‖
Lγ (q)
′
(B
s+σ(q)
q′,2 )
(3.4)
hold for all ϕ ∈ Hs , f ∈ Lγ (q)′(Bs+σ(q)
q ′,2 ), respectively.
Now applying Lemma 2.1 to the semilinear beam equation we can obtain the following
nonlinear mapping estimates.
Corollary 3.4. Let p  8/(n − 4), n 5, r = 2n(2 + p)/(n(2 + p) − 8) and 2 s < ∞.
Suppose that f (u) satisfies one of the following conditions:
(i) f ∈ C{s−2+σ(r)}, |f (k)(u)| C|u|p+1−k , k = 0,1, . . . , {s−2+σ(r)}, {s−2+σ(r)}
p + 1;
(ii) f (u) = λ|u|pu, λ ∈ R and p is an even integer.
If s − 2 + σ(r) /∈ N, then we have∥∥f (u)∥∥
B
s−2+σ(r)
r′,2
 C‖u‖p
B˙
s(p)−σ(r)
r,2
‖u‖
B
s−σ(r)
r,2
(3.5)
and if s − 2 + σ(r) is an integer, (3.5) also holds true if (homogeneous) Besov spaces is
replaced by (homogeneous) Sobolev spaces.
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Taking δ = 2 − 2σ(r) and replacing s and s0 by s − σ(r), s(p) − σ(r), respectively, in
Lemma 2.1, one can easily verify that
p
(
1
r
− s(p) − σ(r)
n
)
+ 1
r
− 2 − 2σ(r)
n
= 1
r ′
.
Therefore, (3.5) is a straightforward consequence of (2.4). 
Corollary 3.5. Let n  5, p  max(6/(n − 4),2), r = 2n(2 + p)/(n(2 + p)− 8), 2 
s < ∞. Let d(·) = n/2 − 3/· . Suppose that g(u) satisfies one of the following conditions:
(i) g ∈ C{s−1+σ(r)}, |g(k)(u)| C|u|p+1−k , k = 0,1, . . . , {s−1+σ(r)}, {s−1+σ(r)}
p + 1;
(ii) g(u) = λ|u|pu, λ ∈ R, and p is an even integer.
If s − 1 + σ(r) /∈ N, then we have∥∥g(u)∥∥
B
s−1+σ(r)
r′,2
C‖u‖p
B˙
d(p)−σ(r)
r,2
‖u‖
B
s−σ(r)
r,2
(3.6)
and if s − 1 + σ(r) ∈ N, (3.6) holds also if (homogeneous) Besov spaces are replaced by
(homogeneous) Sobolev spaces.
Proof. Let δ = 1 − 2σ(r), p  6/(n− 4) implies that d(p) 2, p  2, implies that δ  0.
It follows that 0 δ  d(p) − σ(r), s − σ(r) < ∞. Moreover,
p
(
1
r
− d(p) − σ(r)
n
)
+ 1
r
− 1 − 2σ(r)
n
= 1
r ′
.
By Lemma 2.1 we get (3.6). 
The proof of Theorem 3.1 is similar to that of Theorem 3.2 and so, we only give a sketch
proof of Theorem 3.2.
Proof of Theorem 3.2. Let K ′(t) = cos t (m2 +∆2)1/2, K(t) = (m2 +∆2)−1/2 sin t (m2 +
∆2)1/2 and let u−(t) be the solution of the free fourth order wave equation utt + m2u +
∆2u = 0 with the initial data u(0)= ϕ−, ut (0) = ψ−. Now we define a metric space (D, d)
in the following way:
D =
{
u ∈
⋂
i=1,2
Lγ (ri)
(
B
s−σ(ri)
ri ,2
)
: ‖u‖
Lγ (ri )(B
d(p2)−σ(ri )
ri ,2
)
 δ,
‖u‖
Lγ (ri )(B
s−σ(ri )
ri ,2
)
M, i = 1,2
}
,
where δ and M will be chosen as follows. One easily sees that if D is equipped with the
metric
d(u, v) = ‖u− v‖⋂
Lγ (ri )(B
1/2−σ(ri )),i=1,2 ri ,2
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T :u(t) → u−(t) −
t∫
−∞
K(t − τ )F (u(τ))dτ,
we will show that T is a contraction mapping on (D, d).
For simplicity we assume that F(u) = Dαfα(u), |α| = 1. Let θ(u) be a smooth cut-off
function and let fα1(u) = θ(u)fα(u), fα2(u) = (1 − θ(u))fα(u). It is easy to see that∣∣f (k)αi (u)∣∣ C|u|pi+1−k, k = 0,1, . . . , {s}.
In view of Proposition 3.3 and Corollary 3.5 we have, for any 2 µ< ∞,
‖T u‖
Lγ (ri )(B
µ−σ(ri )
ri ,2
)

∥∥u−(t)∥∥
Lγ (ri )(B
µ−σ(ri )
ri ,2
)
+ C
2∑
i=1
∥∥fαi (u)∥∥Lγ (ri )(Bµ−1+σ(ri )
r′
i
,2 )
 C
(‖ϕ−‖Hµ + ‖ψ−‖Hµ−2)
+ C
2∑
i=1
‖u‖pi
Lγ (ri )(B
d(pi)−σ(ri )
ri ,2
)
‖u‖
Lγ (ri )(B
µ−σ(ri )
ri ,2
)
.
Hence, for any u,v ∈D, noticing that s(p1) s(p2), we have
‖T u‖
Lγ (ri )(B
d(p2)−σ(ri )
ri ,2
)
 C
(‖ϕ−‖Hd(p2) + ‖ψ−‖Hd(p2)−2)+ C(δp1 + δp2)δ,
‖T u‖
Lγ (ri )(B
s−σ(ri )
ri ,2
)
 C
(‖ϕ−‖Hs + ‖ψ−‖Hs−2)+ C(δp1 + δp2)M.
Let δ satisfy C(δp1 + δp2) = 1/2 and take M > 2C(‖ϕ−‖Hs + ‖ψ−‖Hs−2). It follows that
‖T u‖
Lγ (ri )(B
d(p2)−σ(ri )
ri ,2
)
 δ, ‖T u‖
Lγ (ri )(B
s−σ(ri )
ri ,2
)
M.
Similarly,
‖T u− T v‖d(u,v)  12‖u − v‖d(u,v).
This leads to T is a contraction mapping on (D, d), whence, it follows that there exists a
solution of the integral equation
u(t) = u−(t) −
t∫
−∞
K(t − τ )F (u(τ))dτ.
By Proposition 3.3, we have∥∥u(t) − u−(t)∥∥
Hs
+ ∥∥ut (t) − u−t (t)∥∥Hs−2 → 0, t → −∞.
Moreover, in a standard way we can show that this solution is unique. Define now
u+(t) = u(t) −
∞∫
K(t − τ )F (u(τ))dτ.t
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Hs
+ ∥∥ut (t) − u+t (t)∥∥Hs−2 → 0, t → ∞.
Let u+(0) = ϕ+, u+t (0) = ψ+ . Then we can define S : (ϕ−,ψ−) → (ϕ+,ψ+). For the
details of proof, one can refer to [27]. 
4. On scattering of solutions for semilinear higher order wave equations
In this section we shall show the existence of the scattering operators for semilinear
higher order wave equations
utt + (−∆)mu = F(u), m 2. (4.1)
When m = 2, F(u) =∑|α|=2 Dαfα(u), (4.2) may be thought as the generalized version of
the Boussinesq equation. Suppose that F(0) = 0 and |F ′(u)| C(|u|p1 + |u|p2), 4m/n
p1  p2  4m/(n − 2m), n > 2m, the existence of the scattering operators for Eq. (4.1)
was established in [35]. In the present paper we consider the case p1,p2 > 4/(n − 2m),
n > 2m. Denote
1
γ (r)
= n
m
(
1
2
− 1
r
)
, s(p) = n
2
− 2m
p
. 2
The main result of this section is
Theorem 4.1. Let F(u) =∑0|α|m0 Dαfα(u), m0  m. Let m  2, n > 2m, 4m/(n −
2m) p1  p2 < ∞, s  s(p2). Suppose that fα ∈ C{s−m+|α|} satisfies∣∣f (k)α (u)∣∣ C(|u|(1−|α|/2m)p1+1−k + |u|(1−|α|/2m)p2+1−k),
k = 0,1, . . . ,{s − m + |α|}, 0 |α|m0, {s − m + m0} (1 − m0/2m)p1 + 1.
Then there exists δ > 0 such that the scattering operator S of Eq. (4.1) carries a band
B
s(p2),s
δ =
{
(ϕ,ψ) ∈ Hs ×Hs−m: ‖ϕ‖H˙ s(p1)∩H˙ s(p2) + ‖ψ‖H˙ s(p1 )−m∩H˙ s(p2)−m  δ
}
in Hs ×Hs−m into Hs ×Hs−m.
The next result is a corollary of Theorem 4.1.
Corollary 4.2. Let F(u) = λ|u|pu. Let m 2, n > 2m, 4m/(n − 2m) < p and s  s(p).
In addition we assume that {s − m} p + 1 if p is not an even integer. Then there exists
δ > 0 such that the scattering operator S of Eq. (4.1) carries a band Bs(p),sδ = {(ϕ,ψ) ∈
Hs ×Hs−m: ‖ϕ‖H˙ s(p) + ‖ψ‖H˙ s(p)−m  δ} in Hs ×Hs−m into Hs × Hs−m.
2 γ (·) and s(·) will have different meanings in Sections 4–6.
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∫ t
0 Um(t − τ ) dτ . A basic Lp–Lp
′
estimate of
Um(t) was obtained by Pecher,∥∥Um(t)ϕ∥∥Lr  C|t|−2/γ (r)‖ϕ‖Lr′ . (4.2)
On the basis of this estimate, we have shown in [34] (see also [11]) the following general-
ized Strichartz inequalities:∥∥Um(t)ϕ∥∥Lγ (r)(B˙sr,2)  C‖ϕ‖H˙ s , (4.3)
‖Amf ‖Lγ (r)(B˙s
r,2)
 C‖f ‖Lγ (q)′ (B˙s
q′,2)
, (4.4)
where 2/γ (r), 2/γ (q) ∈ [0,1), Lq(X) := Lq(R,X).
The proof of Theorem 4.1 relies upon a corollary of Lemma 2.1.
Corollary 4.3. Let n > 2m, m 2, 0 |α| < m, p  (4m − 2|α|)/(n − 2m). Let d(p) =
n/2 − (2m− |α|)/p. Suppose that f ∈ C{s−m+|α|} satisfies∣∣f (k)(u)∣∣ C|u|p+1−k, k = 0,1, . . . ,{s − m + |α|}, {s − m + |α|} p + 1.
Let r = 2n(2 + p)/(n(2 + p)− 2m), s m − |α|. If s − m + |α| /∈N, then we have∥∥f (u)∥∥
B˙
s−m+|α|
r′,2
 C‖u‖p
B˙
d(p)
r,2
‖u‖B˙sr,2 (4.5)
and if s −m+ |α| ∈ N, then (4.5) also holds if homogeneous Besov spaces are replaced by
homogeneous Sobolev spaces.
Proof. p (4m−2|α|)/(n−2m) implies that d(p)m. Letting δ = m−|α|, s0 = d(p),
one easily sees that
p
(
1
r
− d(p)
n
)
+ 1
r
− m − |α|
n
= 1
r ′
.
By Lemma 2.1 we get the desired result. 
Taking notice of d((1 − |α|/2m)p) = s(p) = n/2 − 2m/p, we can use a similar way as
in Section 3 to prove Theorem 4.1. Indeed, we can construct a metric space in the following
way. Let
rαi = 2n(2 + (1 − |α|/2m)pi)
n(2 + (1 − |α|/2m)pi)− 2m,
i = 1,2, and
D =
{
u ∈
⋂
Lγ (rαi)
(
Bsrαi ,2
)
: ‖u‖
Lγ (rαi )(B˙
s(pj )
rαi ,2
)
 δ,
‖u‖Lγ (rαi )(Bsrαi ,2) M, i, j = 1,2
}
,
d(u, v) = ‖u− v‖⋂Lγ (rαi )(Lrαi ) .
Then, by the contraction mapping argument we can prove Theorem 4.1.
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Considering the nonlinear Schrödinger equation
iut + (−∆)mu = F(u). (5.1)
We will prove the existence of the scattering operators in Hs . Denote
s(p) = n
2
− 2m
p
,
2
γ (r)
= n
m
(
1
2
− 1
r
)
. (5.2)
We get the following result.
Theorem 5.1. Let 4m/n  p1  p2 < ∞, n  1, m  1. Let s  s(p2). Suppose that
F ∈ C{s} satisfies∣∣F (k)(u)∣∣ C(|u|p1+1−k + |u|p2+1−k), k = 0,1, . . . , {s}, {s} p + 1.
Then there exists δ > 0 such that the scattering operator S of Eq. (5.1) maps the band
B
s(p2),s
δ =
{
ϕ ∈ Hs : ‖ϕ‖H˙ s(p1)∩H˙ s(p2)  δ
}
in Hs into Hs .
Let Sm(t) = exp(it (−∆)m) and Lm =
∫ t
0 Sm(t − τ ) dτ . Taking notice of (4.3) and (4.4),
we have (see also [15])∥∥Sm(t)ϕ∥∥Lγ (r)(B˙sr,2)  C‖ϕ‖H˙ s , (5.3)
‖Lmf ‖Lγ (r)(B˙sr,2)  C‖f ‖Lγ (q)′ (B˙sq′,2) (5.4)
for all 2  r, q < ∞, 2/γ (r),2/γ (q) ∈ [0,1), Lq(X) := Lq(R,X). From Lemma 2.1 we
see the following
Corollary 5.2. Let n,m  1, r = 2n(2 + p)/(n(2 + p)− 4m). Let p  4m/n and s  0.
Assume that f ∈ C{s} and∣∣f (k)(u)∣∣ C|u|p+1−k, k = 0,1, . . . , {s}, {s} p + 1.
Then we have∥∥f (u)∥∥
B˙s
r′,2
 C‖u‖p
B˙
s(p)
r,2
‖u‖B˙sr,2 . (5.5)
Proof. Taking δ = 0, s0 = s(p), it is easy to see that
p
(
1
r
− s(p)
n
)
+ 1
r
= 1
r ′
.
In view of (2.4) we conclude that (5.5) holds true. 
By (5.3)–(5.5) we can easily prove our Theorem 5.1 in a similar way to Theorem 3.2.
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In this section we study the scattering operators for nonlinear Klein–Gordon equation
utt + m2u− ∆u = F(u). (6.1)
We have the following
Theorem 6.1. Assume that 1/2 s < ∞, 4/n p < 4/(n − 1).3 Suppose that F(u) sat-
isfies one of the following conditions:
(i) |F (k)(u)| C|u|p+1−k , k = 0,1, . . . , {s − 1/2}, {s − 1/2} p + 1;
(ii) F (u) = λ|u|pu, λ ∈R and p is an even integer.
Then there exists δ > 0 such that the scattering operator S of Eq. (6.1) maps a band
B
1/2,s
δ =
{
(ϕ,ψ) ∈ Hs ×Hs−1: ‖ϕ‖H 1/2 + ‖ψ‖H−1/2  δ
}
in Hs ×Hs−1 into Hs ×Hs−1.
Let F(u) = λ|u|pu. When p  4/(n − 1), we showed the existence of scattering op-
erators in Hs ; cf. [31]. If p ∈ [4/n,4/(n − 1)]. Strauss in [27] showed the existence of
scattering operators at low energy. Our Theorem 6.1 contains the case that (6.1) has no
conservation of energy. Moreover, the energy is not necessarily low if F(u) = λ|u|pu.
A basic Lp–Lp′ estimate of U(t) = exp(it (m2 + ∆)1/2) was established by Brenner in
[5,6], ∥∥U(t)ϕ∥∥
H 2σ(θ,r),r  C|t|−2/γ (θ,r)‖ϕ‖Lr′ , (6.2)
where 2 r < ∞, θ ∈ [0,1] and
2σ(θ, r)
n + 1 + θ =
2
γ (θ, r)(n− 1 + θ) =
1
2
− 1
r
.
By (6.2) we can get the mixed time–space estimate of U(t) and A := ∫ tt0 U(t − τ ) dτ ,∥∥U(t)ϕ∥∥
Lγ (θ,r)(B
s−σ(θ,r)
r,2 )
C‖ϕ‖Hs , (6.3)
‖Af ‖
Lγ (θ,r)(B
s−σ(θ,r)
r,2 )
 C‖f ‖
Lγ (θ,q)
′
(B
s+σ(θ,q)
q′,2 )
. (6.4)
Corollary 6.2. Assume the conditions of Theorem 6.1 are satisfied. Then we have∥∥F(u)∥∥
B
s−1/2
(2+p)/(1+p),2
 C‖u‖p
B02+p,2
‖u‖
B
s−1/2
2+p,2
. (6.5)
3 We assume 4/(n − 1) = ∞ if n = 1.
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p
(
1
2 + p −
0
n
)
+ 1
2 + p =
1 + p
2 + p ,
by the remark of Lemma 2.1 we get (6.5). 
Taking θ = 1+4/p−n, one easily deduced that σ(θ,2+p) = 1/2, γ (θ,2+p) = 2+p.
Let
D = {u ∈ L2+p(Bs−1/22+p,2): ‖u‖L2+p(Bs−1/22+p,2) M, ‖u‖L2+p(B02+p,2)  δ
}
,
d(u, v) = ‖u− v‖L2+p(B02+p,2).
Then we can show in exactly the same way as in Section 3 that Theorem 6.1 holds true.
7. The regularity of scattering solutions for NLS
For simplicity, we only consider the second order NLS
iut − ∆u+ |u|pu = 0, 4/n < p < 4/(n− 2) (4/n< p < ∞ if n = 1,2), (7.1)
and show that the scattering operator S :Hs → Hs for all s  1 if [s] p or p is an even
integer.
Recall that Nakanishi [21] Ginibre and Velo [9] have shown that for each scattering
solution u of (7.1), i.e., u satisfies
u(t) = u−(t) + i
t∫
−∞
U(t − τ )(|u|pu)(τ ) dτ, (7.1a)
where u−(t) = U(t)u−0 = e−it∆u−0 , u−0 ∈ H 1, there holds
‖u‖Lρ(R,B1ρ,2) < ∞, ρ = 2 + 4/n. (7.2)
Moreover, in the case n = 2, p > 2 is an even integer, Colliander et al. in [8] proved that
‖u‖L4(R,Bs4,2) < ∞, s  1. (7.3)
(7.3) implies that S :Hs → Hs , s  1, the same problem was carried out by Bourgain in
the case p = 4/(n− 2), n = 3,4, and initial data are radial (cf. [3,4]).
By Corollary 5.2, we see that for 4/n < p  4/(n− 2),∥∥|u|pu∥∥
B˙s
r′,2
 C‖u‖p
B˙
s(p)
r,2
‖u‖B˙sr,2  C‖u‖
p
B1r,2
‖u‖B˙sr,2 .
Interpolating B1r,2 between B
1
2+4/n,2 and H 1, we see that∥∥|u|pu∥∥
B˙s
r′,2
 C‖u‖pρ/(2+p)
B1ρ,2
‖u‖(p−4/n)p/(2+p)
H 1
‖u‖B˙sr,2 , ρ = 2 + 4/n.
It follows that
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L2+p(I,B˙s
r′,2)
 C‖u‖pρ/(2+p)
Lρ(I,B1ρ,2)
‖u‖L2+p(I,B˙sr,2), (7.4)
where we have used the fact ‖u‖L∞(H 1)  C. R is split up into finite disjoint Ik verifying
k⋃
k=1
Ik = R, C‖u‖pρ/(2+p)
Lρ(Ik,B
1
ρ,2)
 ε. (7.5)
It follows from (7.4) and (7.5) we have for ε < 1/2, ‖u‖L2+p(Ik,Bsr,2)  C. Hence, u ∈
L2+p(R, B˙sr,2). Moreover, in view of the Strichartz inequality, we have
u ∈ Lγ (R, B˙sq,2), 2γ = n
(
1
2
− 1
q
)
, 2 γ ∞. (7.6)
In particular, we have
u ∈ Lθ(R,Lθ ), θ = (n+ 2)p
2
. (7.7)
Indeed, we may find λ satisfying 2/θ = n(1/2 − 1/λ). We have Bn/2−2/pλ,2 ⊂ Lθ . Since
n/2 − 2/p 1, from (7.6) we have (7.7).
Noticing that∥∥u(t) − u−(t)∥∥
L∞(−∞,T ;H˙ s)  C‖u‖pL2+p(−∞,T ;B˙s(p)r,2 )‖u‖L2+p(−∞,T ;B˙sr,2),
we immediately get that S :Hs → Hs for any s  1 with condition [s] p or p is an even
integer. Therefore, we have shown the following
Theorem 7.1. Let 1 n 3, 1 s < ∞, [s] p or p is an even integer. Then the scatter-
ing operator of (7.1) S :Hs → Hs .
Remark 7.2. If the nonlinearity in (7.1) is the sum of different powers, similar results to
Theorem 7.1 holds true. Moreover, the argument of Theorem 7.1 can be developed to the
NLKG equation, but we omitted the details here.
Since there is an assumption [s] p, the regularity argument above is invalid for higher
spatial dimensions. But we can use the method of “formal differentiation with respect to
time” to get that the above scattering solution u ∈ C(R,H 2).
Theorem 7.3. Let u−0 ∈ H 2. Then for any scattering solution u of (7.1a), we have u ∈
C(R,H 2).
Proof. It suffices to give the upper bound of ‖∆u‖L∞(R,L2). We have
‖∆u‖L∞(R,L2)  ‖ut‖L∞(R,L2) +
∥∥|u|pu∥∥
L∞(R,L2). (7.8)
Since p < 4/(n− 2), we may find 0 < s < 2 satisfying
p
(
1 − 1
)
+ 1 − s = 1 . (7.9)2 n 2 n 2
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L∞(−∞,T ;L2)  C‖u‖pL∞(−∞,T ;H˙ 1)‖u‖L∞(−∞,T ;H˙ s). (7.10)
Interpolating H˙ s between L2 and H˙ 2, we have∥∥|u|pu∥∥
L∞(−∞,T ;L2)  C‖u0‖pH˙ 1‖u0‖
1−s/2
2 ‖∆u‖s/2L∞(−∞,T ;L2)
 ω
(
s,‖u0‖H 1
)+ 1
2
‖∆u‖L∞(−∞,T ;L2). (7.11)
ut satisfies the integral equation
iut (t) = U(t)
[
∆u−0 − |u−0 |pu−0
]−
t∫
−∞
U(t − τ )∂τ
[(|u|pu)(τ )]dτ. (7.12)
Let ρ = 2 + 4/n. Denote
X = L∞(−∞, T ;L2)∩ Lρ(−∞, T ;Lρ). (7.13)
In view of the Strichartz inequality we have
‖ut‖X  C‖∆u−0 ‖2 +
∥∥|u−0 |pu−0 ∥∥2 + ∥∥∂t (|u|pu)∥∥Lρ′ (−∞,T ;Lρ′ )
 ω
(‖u0‖H 2)+ C‖u‖pLθ (−∞,T ;Lθ)‖ut‖X. (7.14)
Taking notice of (7.7) and using the same technique as above, we can split up R into
pairwise disjoint intervals Ik such that ⋃Kk=0 Ik = R and
C‖u‖p
Lθ (Ik;Lθ) 
1
2
. (7.15)
Let I0 = (−∞, T ). It follows from (7.14) and (7.15) that
‖ut‖X  2ω
(‖u0‖H 2). (7.16)
By (7.8), (7.11) and (7.16) we have
‖∆u‖L∞(I0,L2)  2ω
(‖u0‖H 2)+ 2ω(s,‖u0‖H 1). (7.17)
Repeating the above procedure K times, we obtain that
‖∆u‖L∞(R,L2)  ω
(‖u0‖H 2).  (7.18)
Remark 7.4. When n  3, the regularity of scattering solutions has been shown in (7.6).
For n 4, we can show that
u ∈ Lγ (q)(R,H 2,q), 2
γ (q)
= n
(
1
2
− 1
q
)
, 2 < r < min
(
2n
n− 2 ,
2n
p(n − 2)
)
.
(7.19)
Indeed, choosing the same s as in (7.9), we have
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(
1
2
− 1
n
)
+ 1
r
− s
n
= 1
r
. (7.20)
Noticing that u ∈ Lγ (q)(R,Lq), analogous to (7.11)–(7.16) we have
∥∥|u|pu∥∥
Lγ (q)(−∞,T ;Lq)  ω
(
s,‖u0‖H 1
)+ 1
2
‖∆u‖s/2
Lγ (q)(−∞,T ;Lq), (7.21)
‖ut‖Lγ (q)(−∞,T ;Lq)  2ω
(‖u0‖H 2). (7.22)
(7.21) and (7.22) imply that
‖∆u‖Lγ (q)(−∞,T ;Lq)  2ω
(‖u0‖H 2). (7.23)
Using the same technique as in (7.18), we have (7.19).
It seems to be difficult to show that the scattering operator of (7.1) S :H 2(Rn) →
H 2(Rn), n > 4. From Theorem 7.3 we only see that the scattering solutions are uniformly
bound in H 2.
8. Spatial decay of solutions
In this section we show the spatial decaying behavior of solutions for the NLS:
iut − ∆u+ |u|pu = 0, u(0, x)= u0(x). (8.1)
We have the following
Theorem 8.1. Let u0 ∈ H 2, 4/n < p < 4/(n − 2) (4/n < p < ∞ if n = 1,2). Let u be
the global solutions of (8.1). Then for any T > 0, there exists R0 > 0 such that for any
R >R0,∥∥(∇u)χ(|x|>2R)∥∥L∞(0,T ;L2)∩Lρ(0,T ;Lρ)  C‖∇u0χ(|x|>R)‖L2 + C(1 + T )R , (8.2)
where C depends only on ‖u0‖H 2 , p,n, which is independent of T > 0, R > 0; R0 may
depend u0 and T > 0.
Proof. Let ψ be a smooth radial function satisfying
ψ =
{0, |x| 1,
smooth, 1 < |x| 2,
1, |x| > 2.
(8.3)
Let ϕ(x) = ψ(x/R). It is easy to see that∣∣∣∣ ∂ϕ∂xi (x)
∣∣∣∣ CR ,
∣∣∣∣∂2ϕ∂x2i (x)
∣∣∣∣ CR2 . (8.4)
If u is a solution of (8.1), then w := uϕ satisfies
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w(0, x) = u0(x)ϕ(x). (8.6)
We can rewrite (8.5) and (8.6) as the following integral equation:
w(t) = U(t)u0ϕ + i
t∫
0
U(t − τ )[|u|σw + (2∇ϕ∇u+ u∆ϕ)](τ ) dτ. (8.7)
Let ρ = 2 + 4/n. Denote
X0(T ) = L∞(0, T ;L2)∩ Lρ(0, T ;Lρ),
X˙1(T ) = L∞(0, T ; H˙ 1)∩ Lρ(0, T ; H˙ 1,ρ). (8.8)
In view of the Strichartz inequality we have
‖w‖X0(T )  C‖u0ϕ‖2 + C
∥∥|u|pw∥∥
Lρ
′
(0,T ;Lρ′ )
+ C‖2∇ϕ∇u+ u∆ϕ‖L1(0,T ;L2). (8.9)
It is easy to see that
‖2∇ϕ∇u+ u∆ϕ‖L1(0,T ;L2)  CT
(
1
R
‖∇u‖L∞(0,T ;L2) +
1
R2
‖u‖L∞(0,T ;L2)
)
 CT
R
E(u0)+ CT
R2
‖u0‖2. (8.10)
Let θ = (n + 2)p/2. It follows from Hölder’s inequality that
∥∥|u|σw∥∥
Lρ
′
(0,T ;Lρ′ )  C‖uχ(|x|>R)‖pLθ (0,T ;Lθ)‖w‖X0(T ). (8.11)
By (7.7), u ∈ Lθ(R,Lθ ), we can take sufficiently large R0 := R0(u0) satisfying
C‖uχ(|x|>R)‖Lθ (R,Lθ )  1/2. (8.12)
From (8.9)–(8.12) we have
‖w‖X0(T )  C‖u0ϕ‖2 +
CT
R
,
where C depends on ‖u0‖H 1 . Now we estimate ‖w‖X˙1(T ). We have
‖w‖X˙1(T )  C
∥∥∇(u0ϕ)∥∥2 + C‖∆u∇ϕ‖L1(0,T ;L2)
+ ‖∇u∆ϕ‖L1(0,T ;L2) + C‖u∇∆ϕ‖L1(0,T ;L2)
+ C∥∥|u|p(∇u)ϕ∥∥
Lρ
′
(0,T ;Lρ′ ) + C
∥∥|u|pu∇ϕ∥∥
Lρ
′
(0,T ;Lρ′ ). (8.13)
For convenience, we write (|x| ∼ R) = {x: R  |x| 2R}. One can easily verify that
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CT
R
‖∆uχ(|x|∼R)‖L∞(0,T ;L2), (8.14)(‖∇u∆ϕ‖ + ‖u∇∆ϕ‖)
L1(0,T ;L2) 
CT
R2
(
‖∇u‖L∞(0,T ;L2) +
1
R
‖u‖L∞(0,T ;L2)
)
 CT
R2
, (8.15)∥∥|u|p(∇u)ϕ∥∥
Lρ
′
(0,T ;Lρ′ )  C‖uχ(|x|∼R)‖pLθ (0,T ;Lθ)
∥∥(∇u)ϕ∥∥
X0(T )
, (8.16)∥∥|u|pu∇ϕ∥∥
Lρ
′
(0,T ;Lρ′ ) 
C
R
‖uχ(|x|∼R)‖pLθ (0,T ;Lθ)‖uχ(|x|∼R)‖Lρ(0,T ;Lρ)
 Cω(R)
R
, (8.17)
where C  ω(R) → 0 (R → ∞). Noticing that
‖w‖X˙1(T ) 
∥∥(∇u)ϕ∥∥
X0
− ‖u∇ϕ‖X0 
∥∥(∇u)ϕ∥∥
X0
− Cω(R)
R
. (8.18)
Hence∥∥(∇u)ϕ∥∥
X0
 C‖u0ϕ‖H˙ 1 + C
ω(R)
R
+ CT
R2
+ CT
R
‖∆uχ(|x|∼R)‖L∞(0,T ;L2). (8.19)
In view of Theorem 7.3,
‖∆u‖L∞(R,L2)  ω
(‖u0‖H 2), (8.20)
we immediately obtain that
∥∥(∇u)ϕ∥∥
X0(T )
 C
∥∥∇(u0ϕ)∥∥2 + C(1 + T )R . (8.21)
Therefore,∥∥(∇u)χ(|x|>2R)∥∥L∞(0,T ;L2)∩Lρ(0,T ;Lρ)  C‖∇u0χ(|x|>R)‖L2 + C(1 + T )R , (8.22)
which is the result, as desired. 
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